A Hausdorff topological group (G, τ ) is called an s-group and τ is called an s-topology if there is a set S of sequences in G such that τ is the finest Hausdorff group topology on G in which every sequence of S converges to the unit. The class S of all s-groups contains all sequential Hausdorff groups and it is finitely multiplicative. A quotient group of an s-group is an s-group. For a non-discrete topological group (G, τ ) the following three assertions are equivalent: 1) (G, τ ) is an s-group, 2) (G, τ ) is a quotient group of a Graev free topological group over a metrizable space, 3) (G, τ ) is a quotient group of a Graev free topological group over a sequential Tychonoff space. The Abelian version of this characterization of s-groups holds as well.
Introduction
I. Notations and preliminaries result. A group G with the discrete topology is denoted by G d . The unit of G is denoted by e G . The subgroup generated by a subset A of G is denoted by A . The group of all permutations of the set {0, 1, . . . , n − 1} is denoted by S n . Set ω = N ∪ {0}. The filter of all open neighborhoods of e G of a topological group (G, τ ) is denoted by U G .
Let u = {u n } be a non-trivial sequence in a group G. The following very important question has been studied by many authors as Graev [16] , Nienhuys [22] , and others: Problem 1.1 Is there a Hausdorff group topology τ on G such that u n → e G in (G, τ )?
Protasov and Zelenyuk [32, 33] obtained a criterion that gives the complete answer to this question [33, Theorems 2.1.3 and 3.1.4] (see also the cases (ii) and (iii) in Section 2). Following [32] , we say that a sequence u = {u n } in a group G is a T -sequence if there is a Hausdorff group topology on G in which u n converges to e G . The group G equipped with the finest Hausdorff group topology τ u with this property is denoted by (G, τ u ). A T -sequence u = {u n } is called trivial if there is n 0 such that u n = e G for every n ≥ n 0 . Evidently, if u is trivial, then τ u is discrete. A sequence u = {u n } n∈ω in G is called one-to-one if u n = u m for all n, m ∈ ω such that n = m.
One of the most important notions in the article is the notion of a Graev free (Abelian) topological group introduced in [16] . Definition 1.2 [16] Let X be a Tychonoff space with a fixed point (basepoint) e ∈ X. A topological group F (X) is called the Graev free topological group over X if F (X) satisfies the following conditions:
(i) There is a continuous mapping i : X → F (X) such that i(e) = e F (X) and i(X) algebraically generates F (X).
(ii) If a continuous mapping f : X → G to a topological group G satisfies f (e) = e G , then there exists a continuous homomorphismf : F (X) → G such that f =f • i.
The Graev free Abelian topological group A(X) over a Tychonoff space X with a fixed point is defined similarly. Note that A(X) is a quotient group of the Graev free topological group F (X). Let us note also that the mapping i : X → F (X) (respectively i : X → A(X)) is a topological embedding and i(X) is closed in F (X) (respectively in A(X)) [16] .
The following group is the simplest and, as it turns out, the most important example of an Abelian topological group with the topology generated by a T -sequence (see Theorem 5.6 below). For simplicity's sake, let us denote by Z N . Thus e is a T -sequence. The topology τ e and the dual group of (Z N 0 , τ e ) are described in [11] explicitly. The convergent sequence e with zero forms a compact metrizable space E := e ∪ {0}. Denote by F (e) (respectively A(e)) the Graev free topological (respectively Abelian) group generated by E (0 is basepoint of E). By the definitions of F (e), A(e) and τ e , we obtain that F (e) ∼ = (F, τ e ) and A(e) ∼ = (Z N 0 , τ e ), where F is the free group over the alphabet e = {e 1 , e 2 , . . . }.
A subset A of a topological space Ω is called sequentially open if whenever a sequence {u n } converges to a point of A, then all but finitely many of the members u n are contained in A.
The space Ω is called sequential if any subset A is open if and only if
A is sequentially open. Every sequential Hausdorff space is a k-space [9, Theorem 3.3.20] . Recall that a topological space X is called a k-space if X is Hausdorff and a subset A of X is closed in X if and only if A ∩ K is compact for every compact subset K of X. Let Ω be a sequential space. For a subset E of Ω the set of all limit points of all convergent sequences in E is denoted by [E] s . Clearly, [E]
s and [E] α = ∪ β<α [E] β for a limit ordinal α. The sequential order so(Ω) of Ω is the least ordinal α such that [E] α = cl(E) for every subset E ⊆ Ω. Note that so(Ω) ≤ ω 1 , where ω 1 is the first uncountable ordinal [2, Proposition 1.3] . The space Ω is a Fréchet-Urysohn space if for any point x in the closure of an arbitrary subset E there is a sequence in E converging to x. So Ω is Fréchet-Urysohn if and only if so(Ω) = 1. For more about sequential and Fréchet-Urysohn spaces see [9, 10] . Franklin [10] gave the following characterization of sequential spaces: Theorem 1.3 [10] A topological space is sequential if and only if it is a quotient of a metric space. Now we formulate the most important properties of the topology τ u generated by a T -sequence u in a group G (see Theorems 2.3.1 and 2.3.10, Corollary 4.1.5 and Exercise 4.3.1 of [33] ). Recall that a topological space X is called hemicompact if there exists an increasing sequence {K n } n∈ω of compact subsets of X such that every compact subset K of X is contained in K n for some n ∈ ω (see [9, 3.4 .E]).
Theorem 1.4 [33]
Let u be a non-trivial T -sequence in a group G. Then (G, τ u ) is a sequential space of sequential order ω 1 . Moreover, if G is countable, then (G, τ u ) is hemicompact.
For other non-trivial examples of sequential Hausdorff Abelian groups see [8] . Let X and Y be topological spaces. Following Siwiec [30] , a continuous mapping f : X → Y is called sequence-covering if whenever {y n } n∈ω is a sequence in Y converging to a point y ∈ Y , there exists a sequence of points x n ∈ f −1 (y n ) for n ≥ 1 and x ∈ f −1 (y) such that x n → x. It is clear that any sequence-covering mapping must be surjective. If X and Y are topological groups, a continuous homomorphism p : X → Y is sequence-covering if and only if it is surjective and for every sequence {y n } converging to the unit e Y there is a sequence {x n } converging to e X such that p(
Sequentially continuous mappings on products of topological spaces were considered by Mazur [20] . The following important notion was introduced by Noble [23] : Definition 1.5 [23] A Hausdorff topological group (G, τ ) is called an s-group if each sequentially continuous homomorphism from (G, τ ) to a Hausdorff topological group is continuous.
Let us note that this definition gives an external characterization of s-groups. Following [23] , we denote by s the first cardinal such that there exists a noncontinuous, sequentially continuous mapping f : 2 s → R. Mazur proved that s is weakly inaccessible (i.e., s is uncountable, regular, and a strong limit cardinal) [20] . In particular, s > ℵ 0 . The following theorem is proved by Noble [23, Theorem 5.4] , who changed the Mazur's factorization method by a stronger one: Theorem 1.6 [23] Every sequentially continuous homomorphism from a product of less than s s-groups into a Hausdorff group is continuous, i.e., the product is an s-group.
Hušek [18] reproved Noble's theorem 1.6. Other results and historical remarks about s-groups can be found in [3, 18, 27] .
II. Main results. This article was inspired by the following two arguments. Firstly, it is natural to know the answer to the following generalization of Problem 7.2: Problem 1.7 Let G be a group and S be a set of sequences in G. Is there a Hausdorff group topology τ on G in which every sequence of S converges to the unit e G ?
Secondly, it is interesting to understand for which class of topological groups including all sequential groups we can obtain an analogue of the Franklin theorem 1.3. Of course, we cannot obtain all sequential groups as Hausdorff quotients of metric ones.
By analogy with T -sequences we define: Definition 1.8 Let G be a group and S be a set of sequences in G. The set S is called a T s -set of sequences if there is a Hausdorff group topology on G in which all sequences of S converge to e G . The finest Hausdorff group topology with this property is denoted by τ S .
The set of all T s -sets of sequences in a group G we denote by T S(G). It is clear that, if S ∈ T S(G), then S ′ ∈ T S(G) for every nonempty subset S ′ of S and every sequence u ∈ S is a T -sequence. Evidently, τ S ⊆ τ S ′ . Also, if S contains only trivial sequences, then S ∈ T S(G) and τ S is discrete. By definition, τ u is finer than τ S for every u ∈ S. Thus, if U is open in τ S , then it is open in τ u for every u ∈ S. So, by definition, we obtain that τ S ⊆ u∈S τ u , where u∈S τ u denotes the intersection of the topologies τ u (i.e., U is open in u∈S τ u if and only if U ∈ τ u for every u ∈ S). Denote by inf τ u the infimum of the topologies τ u in the lattice of all group topologies. Theorem 1.9 A non-empty family S of T -sequences on a group G is a T s -set if and only if inf u∈S τ u is Hausdorff. In such a case, τ S = inf u∈S τ u .
Let us note that Definition 1.5 of s-groups differs from the following one. Nevertheless, we shall show in Theorem 1.11 that both definitions define the same class of topological groups. Definition 1.10 A Hausdorff topological group (G, τ ) is called an s-group and the topology τ is called an s-topology on G if there is S ∈ T S(G) such that τ = τ S .
In other words, G is an s-group if and only if its topology is completely determined by convergent sequences.
The
We shall show that our definition of s-groups has essential advantages than Noble's one. Firstly, Definition 1.10 is internal and does not use any external objects as homomorphisms into other topological groups. Secondly, this internal characterization allows us to describe a base B G of U G of an s-group (G, τ ) and to solve Problem 7.3 (Section 2). The description of B G has been used repeatedly throughout the article. For instance, we prove the equivalence of Definitions 1.5 and 1.10 with the help of this description (Section 3). Thirdly, making use of the topology of s-groups important properties of s-groups are established (Sections 4-5). In particular, it is shown that every sequential group is an s-group. At last, we characterize s-groups as quotients of the Graev free topological group over metrizable spaces (Section 6). This result can be viewed as a natural analogue of Franklin's theorem 1.3. To prove these results is the mail goal of the article.
One of the most natural way to find T s -sets of sequences is as follows. Let (G, τ ) be a Hausdorff topological group. We denote the set of all sequences of (G, τ ) converging to the unit by S(G, τ ); that is,
It is clear that S(G, τ ) ∈ T S(G) and τ ⊆ τ S(G,τ ) . Below (see Proposition 3.3) we shall show that the set S(G, τ ) defines the s-topology τ . The article is organized as follows. In Section 2, Problem 7.3 is solved. More precisely, we give a criterion for a subset S of sequences in a group G to be a T s -set of sequences essentially generalizing Theorem 2.1.3 of [33] .
The next theorem is the main result of Section 3:
is an s-group if and only if every sequentially continuous homomorphism from (G, τ ) to a Hausdorff topological group (X, σ) is continuous.
So Theorem 1.11 shows that Definitions 1.5 and 1.10 are equivalent. In Section 4 we consider some basic properties of s-groups. We show that the class S closed under taking quotients and is finitely multiplicative: Theorem 1.12 Let S be a T s -set of sequences in a group G, H be a closed normal subgroup of (G, τ S ) and let π be the natural projection from G onto the quotient group G/H. Then π(S) is a T s -set of sequences in G/H and G/H ∼ = (G/H, τ π(S) ). Theorem 1.13 Let (G, τ ) and (H, ν) be Hausdorff topological groups. The following conditions are equivalent:
In spite of Noble's theorem 1.6 is essentially stronger than Theorem 1.13, we give the proof of Theorem 1.13 to demonstrate our (sequential) approach to s-groups.
The next theorem shows that the class S contains the class Seq of all sequential Hausdorff groups: Theorem 1.14 If (G, τ ) is a sequential Hausdorff group, then it is an s-group. More precisely,
It is well known that a closed subgroup of a sequential group is sequential as well. The example in [6, Theorem 6] (see Example 4.7 below) shows that s-groups may contain closed subgroups which are neither s-groups nor k-spaces. So the class S contains properly the class Seq. This example shows also that the class Seq is not closed under taking finite products, contrarily to the class S (Theorem 1.13). Theorem 1.14 justifies the following: Definition 1.15 Let (G, τ ) be a Hausdorff topological group. The group (G, τ S(G,τ ) ) is called srefinement of (G, τ ) and we denote it by s(G, τ ).
So, (G, τ ) is an s-group if and only if s(G, τ ) = (G, τ ). Let (G, τ ) be an s-group. Then, by definition, there is S ∈ T S(G) such that τ = τ S . It is natural to consider the following cardinal number:
In other words, r s (G, τ ) is the minimal possible cardinality of those T s -sets of sequences in the group G which generate the s-topology τ . In Section 5 we prove the following:
Let (G, τ ) be a non-discrete Fréchet-Urysohn group. Then so(G, τ ) = 1 and (G, τ ) is an s-group by Theorem 1.14. Thus Theorem 1.17 immediately yields:
This means that the topology of a Fréchet-Urysohn group cannot be described by a countable set of sequences converging to the unit.
Nyikos in [24, Problem 4] asked whether the sequential order of a sequential topological group is ω 1 if the group is not Fréchet-Urysohn. Under the Continuum Hypothesis Shibakov [28, 29] gave a consistent negative answer to Nyikos' question by constructing a sequential topological group of any sequential order. Nevertheless, without any additional set-theoretic assumption beyond ZFC, the answer to Nyikos' question is still open. The difficulty of this question is explained by Theorem 1.17: the topology of an s-group (G, τ ) with 1 < so(G, τ ) < ω 1 cannot be determined by a countable T s -set of sequences (that implies, in particular, major technical difficulties of constructing such sequential groups, see [28, 29] ).
In Section 6 a characterization of s-groups is given. It turns out that we can describe s-groups as quotients of Graev free topological groups over sequential Tychonoff spaces. The following theorem is the main in the article: Theorem 1.19 Let (G, τ ) be a non-discrete Hausdorff (respectively Hausdorff Abelian) topological group. The following assertions are equivalent:
(ii) (G, τ ) is a quotient of a Graev free (respectively Graev free Abelian) topological group over a metrizable space;
(iii) (G, τ ) is a quotient of a Graev free (respectively Graev free Abelian) topological group over a Fréchet-Urysohn Tychonoff space;
is a quotient of a Graev free (respectively Graev free Abelian) topological group over a sequential Tychonoff space.
In particular, assume that a metrizable space X is such that the set of all its non-isolated points is not separable. Then the tightness of the Graev free Abelian topological group over X is uncountable [4] . Hence there are s-groups whose tightness is uncountable. The natural analogue of Problem 7.2 for precompact group topologies on Z is studied by Raczkowski [26] . Following [7] and motivated by [26] , we say that a sequence u = {u n } is a T B-sequence in a group G if there is a precompact Hausdorff group topology on G in which u n → e G . The group G equipped with the finest precompact Hausdorff group topology τ bu with this property is denoted by (G, τ bu ).
The counterparts of Problem 7.3 and Definitions 1.8 and 1.10 for precompact group topologies are defined as follows: Problem 1.20 Let G be a group and S be a set of sequences in G. Is there a precompact Hausdorff group topology τ on G in which every sequence of S converges to the unit e G ? Definition 1.21 Let G be a group and S be a set of sequences in G. The set S is called a T bs -set of sequences if there is a precompact Hausdorff group topology on G in which all sequences of S converge to e G . The finest precompact Hausdorff group topology with this property is denoted by τ bS .
The set of all T bs -sets of sequences in a group G we denote by T BS(G). Clearly, if S ∈ T BS(G), then S ′ ∈ T BS(G) for every nonempty subset S ′ of S, τ bS ⊆ τ bS ′ and every sequence u ∈ S is a T B-sequence. Evidently, if S ∈ T BS(G), then S ∈ T S(G) as well. But, in general, the converse is not true even for one T -sequence. For instance, there is a T -sequence v on Z such that the group (Z, τ v ) has no non-trivial characters [32] , but every precompact group has sufficiently many continuous characters. In the article we deal with T s -sets of sequences and s-topologies only. The class BS of all bs-groups and its connection with the class S will be considered in forthcoming articles.
In the last section we pose some open questions.
A criterion to be a T s -set of sequences
First of all we prove Theorem 1.9: Proof of Theorem 1.9. Let us prove that inf u∈S τ u is the finest group topology on G in which all sequences from S converge to e G . Indeed, since u n → e G in τ u for every u ∈ S, obviously u n → e G in inf u∈S τ u . Conversely, if all u ∈ S converge to e G in some group topology τ on G, then τ ≤ τ u for every u ∈ S by the definition of τ u , and hence τ ≤ inf u∈S τ u . Now let S be a T s -set of sequences in G. Then τ S is Hausdroff, and by its definition, it coincides with inf u∈S τ u . Conversely, if inf u∈S τ u is Hausdorff, then obviously S is a T s -set and τ S = inf u∈S τ u .
Let G be an infinite group and S be a set of sequences in G. The main result of this section is Theorem 2.2. This theorem allows us to check whether S is a T s -set of sequences, and it gives an explicit description of a base of the topology τ S assuming that S ∈ T S(G). Such a description was given only for Abelian case of one T -sequence in [32, 33] (see the case (iii) below). Let us note that Theorem 2.2 generalizes Theorems 2.1.3 and 3.1.4 of [33] and it is used repeatedly in the article.
Let G be a group and S = {u i } i∈I , u i = {u i n } n∈ω , be a non-empty family of sequences in G. By J we denote the set of all functions j from ω × I × G into ω which satisfy the condition
For j ∈ J one puts:
Note that SP n∈ω A n (j) is an increasing union over n ∈ ω. The next lemma is [33, Lemma 3.1.1], we prove it for the convenience of the readers.
. . , i n } be a subset of ω, and let i l = min{i 0 , i 1 , . . . , i n }. It is enough to show that
The proof is by induction over n ∈ ω. For n = 0 we have i l = i 0 and V i 0 ⊆ V i 0 −1 by the choice of the sequence {V k }. Let n > 0. If 0 < l < n, then, by the inductive assumption,
Theorem 2.2 Let G be a group and S = {u i } i∈I , u i = {u i n } n∈ω , be a non-empty family of sequences in G. The following statements are equivalent:
Since τ S is Hausdorff, it is enough to show that there is j ∈ J such that SP n∈ω A n (j) ⊆ U. Moreover, we shall prove that for any Hausdorff group topology τ ′ on G in which every u ∈ S converges to e G and for every U ∈ U (G,τ ′ ) there is j ∈ J such that SP n∈ω A n (j) ⊆ U. We construct such a j inductively. Choose a sequence {V k } k∈ω of open symmetric neighborhoods of e G which satisfies condition (2.1) of Lemma 2.1.
Let k = 0. For every i ∈ I and every g ∈ G, since u
And so on. Thus we can construct j ∈ J such that, by (2.1),
2) ⇒ 1) The family U of all sets of the form SP n∈ω A n (j), j ∈ J , forms a base of some Hausdorff group topology on G if and only if U satisfies the following conditions [17, Theorem 4.5]:
(a) every member of U contains e G ; (b) for every U ∈ U there is a V ∈ U such that V −1 ⊆ U;
(e) for every U ∈ U and h ∈ G there is a V ∈ U such that h
It is clear that j 1 ∈ J and A r (j 1 ) = A 2r+1 (j) for every r ∈ ω. Let k, l ∈ ω. Fix arbitrary α ∈ S k+1 and β ∈ S l+1 . Assume that k < l. Put
Analogously we consider the cases k > l and k = l. By the definition of the sets SP n∈ω A n (j), we obtain
Then j 2 ∈ J . Let l ∈ ω and β ∈ S l+1 be arbitrary. Set
(e) Set j 3 (r, i, g) := j(r, i, gh), ∀r ∈ ω, ∀i ∈ I, ∀g ∈ G. It is clear that j 3 ∈ J and for every r ∈ ω and each i ∈ I we have
Thus U is an open basis at e G for some Hausdorff group topology.
In the first part of the proof we have shown that the topology generated by U is finer than an arbitrary Hausdorff group topology τ on G in which every sequence of S converges to e G . Thus, by definition, U is an open basis at the unit of τ S . Now we give the explicit form of the open basis at the unit in Theorem 2.2 both for the Abelian case and for the case of one T -sequence. These forms will be applied in the sequel (see Proposition 3.1 and Theorem 5.5).
(i) The Abelian general case. Let G be an Abelian group and S = {u i } i∈I , u i = {u i n } n∈ω , be a non-empty family of sequences in G. By M we denote the set of all functions m from ω × I into ω which satisfy the condition
For m ∈ M one puts
Let j ∈ I. For every k ∈ ω and i ∈ I set m(k, i) = min{j(k, i, g) : g ∈ G}. Clearly, m ∈ M. Since G is Abelian we have
Thus Theorem 2.2 asserts that S ∈ T S(G) if and only if m∈M k A k (m) = {0}. In such a case, the sets k A k (m), m ∈ M, form an open base at zero of τ S .
(
For l ∈ L one puts:
Then u is a T -sequence if and only if l∈L SP n∈ω A n (l) = {e G }. In such a case, the sets SP n∈ω A n (l), l ∈ L, form an open base at e G of τ u . Note also that the subgroup u is open in (G, τ u ).
(iii) The Abelian case of one T -sequence. This case was already described explicitly in Theorem 2.1.3 of [32] . Let u = {u n } n∈ω be an arbitrary sequence in an Abelian group G. Following [32] , for every m ∈ ω and an increasing sequence 0 ≤ j 0 < j 1 < . . . one puts
If u is a T -sequence, then the sets of the form n A jn form a base of symmetric neighborhoods at zero of τ u [32, 33] . In what follows we shall use the following sets defined in [32] : for every m, k ∈ ω one puts
Clearly, the sets of the form A m and A(k, m) are compact in τ u .
A characterization of s-groups
In the following proposition we characterize continuous homomorphisms from (G, τ u ) into a topological group.
Proposition 3.1 Let u be a T -sequence in a group G and p be an homomorphism from (G, τ u ) into a topological group (X, τ ). Then p is continuous if and only if p(u n ) → e X in τ .
Proof. The necessity is evident. Let us prove the sufficiency. Let U ∈ U X . By Lemma 2.1 choose a decreasing chain {V k } k∈ω of open symmetric neighborhoods of e X satisfying the condition (2.1). Let k = 0. Since p(u n ) → e X , for every g ∈ G we may choose l(0, g) such that p(g −1 u n g) ∈ V 0 for every n ≥ l(0, g). Since V 0 is symmetric, then
And so on. Thus we constructed l ∈ L such that, by Lemma 2.1,
By the particular case (ii) of Theorem 2.2, SP n∈ω A n (l) ∈ U (G,τu) . Thus p is continuous.
The following theorem generalizes Proposition 3.1 and gives a convenient criterion for automatical continuity of homomorphisms from s-groups.
Theorem 3.2 Let G be a group, S ∈ T S(G) and p be a homomorphism from (G, τ S ) into a topological group (X, σ). The following statements are equivalent:
. Let p(u n ) → e X for every u = {u n } ∈ S and let W ∈ U X . By Proposition 3.1, p is a continuous homomorphism from (G, τ u ) into X for every u ∈ S. Thus p
(ii) ⇒ (i). We know that τ S ⊆ u∈S τ u . So, assuming that p is not continuous, a family
and W ∈ U X } forms an open basis at e G of the Hausdorff group topology τ 0 on G that is strictly finer than τ S . To obtain a contradiction we have to show that every sequence u ∈ S converges to the unit in τ 0 . By hypothesis, every set U ∩ p −1 (W ) is open in τ u . Since u converges to e G in τ u , u converges to the unit in τ 0 .
The following proposition shows that we may restrict ourselves only to the sets of the form S(G, τ ):
Proof. Since S ⊆ S(G, τ S ), we have τ S ⊇ τ S(G,τ S ) by the definition of the topology τ S . Let id : (G, τ S(G,τ S ) ) → (G, τ S ), id(g) = g, be the identity map. For every u = {u n } ∈ S(G, τ S ), by the definition of S(G, τ S ), id(u n ) = u n → e G in τ S . By Theorem 3.2, id is continuous. Thus τ S ⊆ τ S(G,τ S ) and hence τ S = τ S(G,τ S ) .
As a corollary of the last theorem we obtain the following characterization of topologies of the form τ S : Theorem 3.4 Let (G, τ ) be a Hausdorff topological group and S be a set of sequences in G. The following statements are equivalent:
(i) S ∈ T S(G) and τ = τ S ;
(ii) for every homomorphism p from (G, τ ) into an arbitrary Hausdorff topological group (X, σ), p is continuous if and only if p(u n ) → e X for each {u n } ∈ S.
Proof. (i) ⇒ (ii) follows from Theorem 3.2. (ii) ⇒ (i). The identity map id
, is continuous. Thus u n → e G in τ for each {u n } ∈ S. So S ∈ S(G, τ ) and hence S ∈ T S(G). By the definition of the topology τ S we have τ ⊆ τ S . On the other hand, by hypothesis, the identity isomorphism id : (G, τ ) → (G, τ S ), id(g) = g, is continuous as well. So, τ ⊇ τ S . Thus τ = τ S .
Proof of Theorem 1.11. Let (G, τ ) be an s-group and τ = τ S for some S ∈ T S(G). Let p : (G, τ ) → (X, σ) be a sequentially continuous homomorphism. Then, in particular, p(u n ) → e X for each {u n } ∈ S. Hence p is continuous by Theorem 3.4.
Conversely, let every sequentially continuous homomorphism p from (G, τ ) into a Hausdorff topological group (X, σ) be continuous. Setting S = S(G, τ ) we obtain that τ = τ S by Theorem 3.4.
Basic properties of s-groups
We begin this section from the proof of Theorem 1.12.
Proof of Theorem 1.12. Set Q := π(S). We have to show that G/X with the quotient topology is topologically isomorphic to (G/X, τ Q ). Since every sequence of Q converges to the unit in the quotient topology τ on G/X, Q is a T s -set of sequences in G/X and τ is weaker than τ Q . If τ = τ Q , we may find a strictly finer Hausdorff group topology τ ′ on G in which every sequence u ∈ S converges to the unit, namely: the topology generated by the sets of the form U ∩ π −1 (W ), U ∈ τ S , W ∈ τ Q . This contradicts to the definition of the topology τ S .
Lemma 4.1 Let (G, τ ) and (H, ν) be topological groups. Set S = S(G, τ ), R = S(H, ν), T = S(G × H, τ × ν) and
S × R := {{(u n , v n )} : u = {u n } ∈ S and v = {v n } ∈ R} .
Proof. Denote by π G and π H the projections of G × H onto G and H respectively. By the definition of the product topology we have: (u n , v n ) converges to the unit in τ S × τ R if and only if π G (u n , v n ) := u n → e G in τ S and π H (u n , v n ) := v n → e H in τ R , i.e., if and only if u = {u n } ∈ S and v = {v n } ∈ R.
Proof of Theorem 1.13. (i) ⇒ (ii). Let (G, τ S ) and (H, τ R ) be s-groups, where, by Proposition 3.3, we may assume that S = S(G, τ S ) and R = S(H, τ R ). Set T := S(G × H, τ S × τ R ). By Lemma 4.1, T = S × R. In particular, u = {u n } ∈ S if and only if {(u n , e H )} ∈ T .
We claim that
Let u = {u n } ∈ S. Then {(u n , e H )} ∈ T . So, for every open neighborhood U of the unit in τ T almost all members (u n , e H ) are contained in U and, hence, in
Indeed, by the definition of T ,
By the definition of the topology τ S and (4.1), we have
To prove that τ S × τ R = τ T we have to show that τ S × τ R ⊇ τ T . Let U be an arbitrary open neighborhood of the unit in τ T . Choose an open neighborhood of the unit V in τ T such that V · V ⊆ U. For the natural projections π G and π H onto G and H respectively one puts τ ) ) by the definition of τ S(G,τ ) .
We recall that the sequential modification X seq of a topological space (X, τ ) is the set X with the new topology τ seq such that U is open if and only if U is sequentially open in (X, τ ). In the case of Hausdorff topological groups we can describe τ seq as follows:
Proof. Let U ∈ u∈S(G,τ ) τ u . We have to show that U is sequentially open in τ . Let u n → g ∈ U in τ . We may assume that g = e G . Then u = {u n } ∈ S(G, τ ). Since U ∈ τ u and u converges to the unit in τ u by definition, all but finitely many members of u are contained in U. 
Proof. (i) Let
U be sequentially open in τ S(G,τ ) and a sequence g = {g n } converge to g ∈ U in τ . We may assume that g = e G . So g ∈ S(G, τ ). By Lemma 4.2, g ∈ S(G, τ S(G,τ ) ). Since U is sequentially open in τ S(G,τ ) , g n ∈ U for all sufficiently large n. Hence U is sequentially open in τ . Since τ ⊆ τ S(G,τ ) , the converse assertion is trivial.
(ii) By (i) we have to show only the minimality of τ S(G,τ ) . Let τ 0 be an arbitrary Hausdorff group topology on G whose open sets are sequentially open in τ . By the definition of τ S(G,τ ) , we have to prove that any u = {u n } ∈ S(G, τ ) converges to the unit also in τ 0 . Assume the converse and there is an open neighborhood U of the unit in τ 0 that does not contain an infinitely many terms {u n k } of u. Set v = {u n k }. Then v ∈ S(G, τ ) and v ∩ U = ∅. Hence U is not sequentially open in τ . This is a contradiction.
Proof of Theorem 1.14. Since (G, τ ) is sequential, by Theorem 4.4(i), we have
Thus, τ = τ S(G,τ ) = τ seq = u∈S(G,τ ) τ u by Proposition 4.3, and hence (G, τ ) = (G, τ S(G,τ ) ) is an s-group. Theorem 4.5 Let (G, τ ) be a Hausdorff topological group. The following statements are equivalent:
seq is a Hausdorff group topology.
Proof. 
The following proposition is a simple observation that immediately follows from the definitions of k-spaces and s-groups. Let us show that (G, τ ) is not a k-space. Let A be an arbitrary subset of G. Then for every compact subset K of (G, τ ) the intersection A ∩ K is finite and hence closed in τ . Assuming that (G, τ ) is a k-space we obtain that A is closed in τ . Since A is arbitrary this means that τ is discrete that contradicts the assumption of the proposition. Thus (G, τ ) is not a k-space.
The next example is taken from [6, Theorem 6] . For the convenience of the readers we present a more transparent proof.
Example 4.7 [6] There is an Abelian countably infinite s-group (G, τ ) containing a closed subgroup ∆ such that (∆, τ | ∆ ) is not discrete but contains no infinite compact subsets. In particular, (∆, τ | ∆ ) is not an s-group.
Proof. Consider the metrizable topology τ ′ on Z N 0 generated by the base {U n } n∈ω , where
. By Theorems 1.13 and 1.14, G is an s-group. Let ∆ = {((n i ), (n i )) : (n i ) ∈ Z N 0 } be the diagonal subgroup of G. Denote by τ ∆ the induced topology of τ e × τ ′ on ∆. We have to show that (∆, τ ∆ ) is neither an s-group nor a k-space. By Proposition 4.6 it is enough to prove that (∆, τ | ∆ ) has no infinite compact subsets. We shall prove this in the following two steps.
Step 1. We claim that (∆, τ ∆ ) is not discrete. This follows from the fact that for every n ∈ ω and every open neighborhood U = n A jn ∈ τ e (see Section 2(iii)) of zero the intersection U n ∩ U is infinite. Indeed, U ∩ U n contains the sequence {2 n e i } i≥m , where m = j 2 n .
Step 2. We claim that every compact subset of (∆, τ ∆ ) is finite. Indeed, let K be a compact subset of (∆, τ ∆ ). We shall identify ∆ with Z N 0 . Clearly, K is a compact subset in the topology τ e . Since e generates Z N 0 , by Theorem 4.1.4 of [33] (see also [12, Lemma 2] or Theorem 5.7 below), K is contained in A(k, 0) for some k > 0. Assume for a contradiction that K is infinite. Let K = {a n } n∈ω be a one-to-one enumeration of the elements of K. Since all the coordinates of a n are less or equal to k + 1, we obtain that a n − a m ∈ U 4k for every n = m. So (a n + U 8k ) ∩(a m + U 8k ) = ∅ for every n = m since, otherwise, a n −a m ∈ U 8k −U 8k ⊆ U 4k
Recall that the supremum τ := τ 1 ∨ τ 2 of two group topologies τ 1 and τ 2 on a group G is the weakest group topology on G such that the identity maps (G, τ ) → (G, τ i ), i = 1, 2, are continuous. Clearly, the group (G, τ 1 ∨ τ 2 ) may be identified with the diagonal of the product (G × G, τ 1 × τ 2 ). Let us remind that the group (Z N 0 , τ e ) is sequential and that every sequential space is a k-space. So, as a corollary of Proposition 4.6 and Example 4.7, we obtain: Corollary 4.8 (i) There is an Abelian countably infinite s-group (G, τ ) with a closed subgroup H such that (H, τ | H ) is not an s-group.
(ii) There is an Abelian countably infinite s-group that is not a k-space.
(iii) The supremum of two s-topologies may not be an s-topology.
(iv) The product of a sequential group with a metrizable one may not be even a k-space.
Remark 4.9
It is well-known that the properties to be sequential or Fréchet-Urysohn are not wellbehaved in general under the finite product, and Corollary 4.8(iv) demonstrates this. Nevertheless, the product of a first countable group with a Fréchet-Urysohn one is always Fréchet-Urysohn [8, Theorem 1.6].
The case of countable T s -sets of sequences
Let (G, τ ) be an s-group. Then τ = τ S for some S ∈ T S(G). Now we discuss the minimality of |S| of T s -sets S which generate τ . The following proposition shows that the number r s (G, τ ) is essentially infinite.
k for k ∈ ω and 0 ≤ i < q. Since S ∈ T S(G), the sequence d converges to the unit in τ S . Hence d is a T -sequence and the topology τ d is finer than τ S . On the other hand, since d converges to e G , then all its subsequences u i also converge to e G in τ d . So τ S is finer than τ d and hence τ d = τ S = τ . Thus r s (G, τ ) = 1.
Proposition 5.1 shows that the simplest case which may essentially differ from the case of one T -sequence is the case of a countably infinite T s -set of sequences S. Example 5.3 below confirms this assertion. Now we show that many important properties (for example, sequentiality and completeness) are kept also for a countably infinite S. Theorem 5.2 below generalizes Theorem 1.4.
Let {(X n , τ n )} n∈ω be a sequence of topological spaces such that X n ⊆ X n+1 and τ n+1 | Xn = τ n for all n ∈ ω. The union X = ∪ n∈ω X n with the weak topology τ (i.e., U ∈ τ if and only if U ∩ X n ∈ τ n for every n ∈ ω) is called the inductive limit of the sequence {(X n , τ n )} n∈ω and it is denoted by (X, τ ) = lim −→ (X n , τ n ). Recall (see [33] ) that a topological space is called a k ω -space if it is the inductive limit of an increasing sequence of its compact subsets. A topological group (G, τ ) is called a k ω -group if its underlying topological space is a k ω -space. Let us recall also that the sets of the form V l U = {(x, y) ∈ G × G : x −1 y ∈ U}, where U ∈ N G , form a base of the left uniform structure on (G, τ ). In fact, the following theorem is contained in Chapter 4 of [33] . Our proof of the sequentiality of (G, τ S ) is essentially simpler than the one proposed in [33] .
1) K n and X n are compact metrizable subsets of (G, τ S ) for every n ∈ ω;
2) (G, τ S ) = lim −→ (X n , τ n ). In particular, every compact subset of (G, τ S ) is contained in some X n ;
3) (G, τ S ) is a k ω -group; 4) (G, τ S ) is complete in the left uniformity; 5) if τ S is not discrete, then (G, τ S ) is sequential and so(G, τ S ) = ω 1 .
Proof. 1) Since, by definition, every A un 0 , n ∈ ω, is compact in τ S , all the sets K n and X n are compact. Since every K n and X n are countable, they are metrizable by [9, Theorem 3.1.21] .
2) By hypothesis, G = ∪ n∈ω X n . Since all the (X n , τ n ) are compact, the inductive limit (G, τ ′ ) := lim −→ (X n , τ n ) is a (Hausdorff) k ω -space, and every its compact subset is contained in some X n [31,
Let τ 0 be the finest Hausdorff group topology on G such that τ 0 | Xn = τ n = τ S | Xn for every n ∈ ω. Then τ 0 ⊇ τ S . Since every sequence u n converge to e G in X n and hence in τ 0 , we have τ 0 ⊆ τ S by the definition of τ S . Thus τ 0 = τ S . Hence, to prove that (G, τ S ) = (G, τ ′ ) it is enough to show that τ ′ is a group topology. This follows from Lemma 4.1.3 of [33] , but we give here a much simpler proof repeating word-for-word the proof of Theorem 1 of [19] .
To show that (G, τ ′ ) is a topological group, we must to prove that the map f :
is also a k ω -space. Thus, to show that f is continuous we only have to show that f is continuous on all compact subsets of (G,
Noting that K is compact and τ ′ ⊇ τ S , we see that K has the same induced topology as a subset of (G, τ ′ ) × (G, τ ′ ) as it has as a subset of (G, τ S ) × (G, τ S ). Since τ ′ | X 2n+1 = τ S | X 2n+1 and τ S is a group topology, f : K → X 2n+1 is continuous. So f is continuous on all compact subsets of
is a topological group. 3) follows from item 2 and the definition of k ω -groups. 4) follows from 3) and from Theorem 4.1.6 of [33] . 5) (G, τ S ) is sequential by items 1)-3) and Lemma 1.5 of [8] . Exercise 4.3.1 of [33] asserts that the sequential order of (G, τ S ) is ω 1 .
Proposition 5.1 asserts that every finite T s -set of sequences of a group G can be replaced by a single T -sequence. The next example shows that in general this proposition cannot be generalized to all countably infinite T s -sets of sequences.
Example 5.3 Let {G n } n∈ω be a sequence of infinite Abelian groups and u n be a non-trivial Tsequence in G n for every n ∈ ω. Then S = {u n } n∈ω is a T s -set of sequences in the direct sum G = n∈ω G n because every u n converges to zero in the product topology of τ un . We claim that r s (G, τ S ) = ℵ 0 . Indeed, assuming the converse, by Proposition 5.1, we can find a sequence v such that τ v = τ S . By Theorem 5.2, v is contained in G 0 + ... + G k for some k. Hence the subgroup
Thus, for every n > k, the sequence u n does not converge to zero. This is a contradiction.
Remark 5.4 Let S ∈ T S(G) for a group G. In general, the group (G, τ S ) may be not complete. Indeed, let G be a countable dense subgroup of a compact infinite metrizable group. Then G is metrizable and non complete. By Theorem 1.14, (G, τ S ) is an s-group, but it is not complete.
Proof of Theorem 1.17. Let r s (G, τ ) < ω 1 and S be a countable T s -set of sequences in G such that τ = τ S . Then, by Theorem 5.2, the open subgroup H of (G, τ ) generated by S is sequential and so(H, τ ) = ω 1 . Hence also (G, τ ) is sequential and so(G, τ ) = ω 1 .
In the rest of this section we deal with the case of one T -sequence. In spite of this simplest case was thoroughly studied in [33] , to the best of our knowledge these results are new.
In the next theorem we prove that the topologies of the form τ u are well behaved under the product.
Theorem 5.5 Let u = {u n } n∈ω and v = {v n } n∈ω be T -sequences in groups G and H respectively.
. So we may assume that for every
Then l u ∈ L(G) and l v ∈ L(H), and
For every n ∈ ω and σ ′ , σ ′′ ∈ S n+1 put σ(k) = 2σ ′ (k) and σ(n + 1 + k) = 2σ
Then σ ∈ S 2n+1 and
In the next theorem we show that, in fact, an arbitrary (respectively Abelian) group of the form ( u , τ u ) is a quotient group of (F, τ e ) (respectively (Z N 0 , τ e )):
Theorem 5.6 Let u = {u n } be a T -sequence in a (respectively Abelian) group G such that u = G. Then (G, τ u ) is a quotient group of (F, τ e ) (respectively (Z N 0 , τ e )) under the homomorphism π e
Proof. It is clear that π is an algebraic epimorphism. Since π(e n ) = u n → e G in τ u , π is continuous by Proposition 3.1. By Theorem 1.12, the quotient group (F, τ e )/ ker π is topologically isomorphic to (G, τ u ).
The last theorem of the section shows that any topology of the form τ u on Abelian groups can be characterized by the smallness of its compact sets (condition 2(b)).
Theorem 5.7 Let (G, τ ) be a Hausdorff Abelian topological group. Then the following statements are equivalent:
(b) there is a sequence u in G converging to zero in τ such that for every compact subset K in (G, τ ) there are n ∈ N and g 1 , . . . , g m ∈ G for which
By the definition of τ u , we have τ ⊆ τ u . In particular, every compact subset K in (G, τ ) is closed in τ u . By condition (b) and since A(n, 0) is compact in τ u , the set K is compact in τ u either. Hence τ and τ u have the same compact sets. Since (G, τ ) and (G, u) are k-spaces, the topologies τ and τ u coincide.
Remark 5.8 The following example shows that we can not drop the requirement on G to be a k-space. Let (Z, τ b ) be the group of integers Z equipped with the Bohr topology τ b . By Glicksberg's theorem [15] , Z d and (Z, τ b ) have the same compact subsets. Thus, every compact subset of (Z, τ b ) is finite and hence (Z, τ b ) has no non-trivial convergent sequences. So condition (b) holds if and only if a T -sequence u is trivial. On the other hand, for every trivial T -sequence u the group (Z, τ u ) is discrete and infinite. Since τ b is precompact we have τ u = τ b .
Structure of s-groups
All statements of this section are proved only for F (X). All analogous assertions for the Abelian case follow from Theorem 1.12 and the fact that A(X) is a quotient of F (X) (note also that they can be proved analogously to the non-Abelian case). We start from the following:
Proposition 6.1 Let (X, e) be a sequential Tychonoff space with basepoint e and the topology τ . Then the Graev free (respectively Graev free Abelian) topological group (F (X), τ F ) (respectively (A(X), τ A )) is an s-group.
Proof. We will proof the proposition only for F (X) since in the Abelian case the proof is the same. As usual, F 2 (X) stands for a subset of F (X) formed by all words whose reduced length is less or equal to 2 (recall that the reduced length of an element g ∈ F (X) is the number of letters in the reduced word representing g). Set
The set S contains trivial sequences and hence it is not empty. We will show that τ F = τ S . By the definition of τ S we have τ F ⊆ τ S . In particular, τ = τ F | X ⊆ τ S | X . To prove the converse inclusion, by the definition of τ F , it is enough to show that τ S | X = τ . Assuming the converse we can find a closed subset E of X in τ S such that E is not closed in τ . Since X is sequential, there exists a sequence {a n } ⊆ E that converges to a ∈ X \ E in τ and hence in τ F . Thus the sequence u n := a n · a −1 ∈ F 2 (X) converges to e in τ F . By the definition of τ S , u n → e in τ S either. Hence a n = u n · a converges to a in τ S . Since E is closed in τ S , we obtain that a ∈ E. This is a contradiction.
In what follows we need the following notion: Definition 6.2 Let (G, τ ) be a non-discrete s-group. The set S * (G, τ ) = {u = {u n } n∈ω ∈ S(G, τ ) : u is one-to-one and u n = e for every n ∈ ω} is called the star of the s-group G.
Proposition 6.3 Let (G, τ ) be a non-discrete s-group. Then (i) all the elements of all the sequences of S * (G, τ ) generate the whole group G;
(ii) if u ∈ S * (G, τ ) and g ∈ G, then g −1 ug ∈ S * (G, τ );
(iii) τ = τ S * (G,τ ) .
Proof. Since (G, τ ) is non-discrete, S(G, τ ) contains a non-trivial sequence. Let u = {u n } n∈ω ∈ S(G, τ ) be an arbitrary non-trivial sequence. We will show the following:
(α) there is a sequence v ∈ S * (G, τ ) such that v and u converge to the unit (or diverge) simultaneously in any group topology on G.
We will construct such a v as follows.
Let u 0 = e. Since u → e in τ , there is at most finite set of indices I 1 such that i ≥ 1 and u i = u 0 for every i ∈ I 1 . Set v 0 = u 0 . Denote by u 1 = {u 
2 → e in τ . And so on. Since u is not trivial, this process is infinite and we can construct the sequence v (it is a subsequence of u) such that it is one-to-one and does not contain the unit, i.e., v ∈ S * (G, τ ). It is clear that we can obtain the sequence u from the sequence v by the following way: there is the subset I ⊆ ω of indices and the natural number n i for every i ∈ I such that it is need to add to v exactly n i terms v i and some set (maybe infinite) of the units. By construction, v and u converge to the unit simultaneously in any group topology on G.
(i) By (α), the set S * (G, τ ) is non empty. Let u ∈ S * (G, τ ) and g = e be an arbitrary element of G. If g ∈ u, then g ∈ S * (G, τ ) . If g ∈ u we may add g to u, and then this new sequence also belongs to S * (G, τ ). Thus, g ∈ S * (G, τ ) and (i) follows. (ii) is trivial. (iii) Since S * (G, τ ) ⊂ S(G, τ ), we have τ ⊆ τ S * (G,τ ) . Conversely, let u ∈ S(G, τ ). By the definition of s-topology, we have to show only that u → e in τ S * (G,τ ) either. If u is trivial or u ∈ S * (G, τ ), this is clear. Assume that u is nether trivial nor belongs to S * (G, τ ). Then u → e in τ S * (G,τ ) by (α). Now we recall the construction of the Fréchet-Urysohn fan over an arbitrary set Q of sequences. Let Q = {u} u∈Q be a non-empty set of one-to-one sequences in a set Ω. The disjoint sum of these sequences with basepoint e is denoted by X Q , i.e.,
Let B(Q) be the set of all functions from Q into ω. The topology ν Q on X Q is defined as follows: each point of X 0 Q is isolated and the base at e is formed by the sets of the form W (β) := {e} ∪ u∈Q u β(u) , u β(u)+1 , . . . , β ∈ B(Q).
Then X Q is a Fréchet-Urysohn Tychonoff space. Proposition 6.4 Let S * (G, τ ) be the star of a non-discrete (respectively Abelian) s-group (G, τ ) and let X S * (G,τ ) = X 0 S * (G,τ ) ⊕{e} be the Fréchet-Urysohn fan over S * (G, τ ). Then (G, τ ) is a quotient of the Graev free (respectively Abelian) topological group F (X S * (G,τ ) ) (respectively A(X S * (G,τ ) )). The quotient map is sequence-covering.
Proof. By Proposition 6.3(iii) we may assume that τ = τ S * (G,τ ) .
Define the following map from X S * (G,τ ) into (G, τ ):
p(x) = x, if x ∈ X 0 S * (G,τ ) , and p(e) = e G .
We claim that p is continuous. Since only e is a non-isolated point in X S * (G,τ ) , we have to show only the continuity of p at e. Let j ∈ J and SP n∈ω A n (j) ∈ U G . Set β(u) := j(0, u, e G ) for every u ∈ S * (G, τ ). and so p is continuous.
